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1 Preliminary Lectures
Definition (Quadratic Form). Let A € R™"*™. A quadratic form is a function

f:R" > R, flz)=z" Azx.

We will assume A is symmetric. Indeed, if f(z) = 2T Bx for some (possibly non-symmetric) B, then
there exists a symmetric matrix A such that f(z) = 2" Az, namely
B+ BT

5

A=

Hence, without loss of generality, we may take A to be symmetric.
Example. f(r,72) = 23 + 3 is positive definite.

Definition (Definiteness of a Quadratic Form). Let A = AT € R"*" and define
f(z)=2a" Azx.
Then the quadratic form f is called:
¢ Positive definite (PD) if Yz # 0, f(x) > 0.
e Positive semidefinite (PSD) if Vo € R”, f(x) > 0.

Example: f(x1,12) = 23.

Negative definite (ND) if Vz £ 0, f(z) < 0.

Negative semidefinite (NSD) if Vz € R", f(z) <0.

e Indefinite if there exist 21,z such that f(x;) > 0 and f(z2) < 0.

Lemma. Let A= AT and f(z) = 2" Az. Let \,..., \, be the eigenvalues of A. Then:
e f is positive definite (PD) iff all A; > 0.
e f is negative definite (ND) iff all \; < 0.
e [ is positive semidefinite (PSD) iff all A\; > 0.

e f is negative semidefinite (NSD) iff all A; <0.



Lemma (Sylvester’s Criterion). Note: This criterion does not provide conclusions about semi-definiteness.

Let
ajl G2 as -
_ nxn _
A= laa az a| eR"™" A=A".

asy azz2 ass
Consider the leading principal minors:

a1l a2

M3 =]A|, and so on.
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M, = |a11\, My =
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Lemma (continued). Assume My, Ms, ..., M, # 0. Then:
o If My >0,My >0,...,M, >0, then A is positive definite.
o If My} <0,Ms >0,M3<0,... (signs alternate), then A is negative definite.

e Otherwise, A is indefinite.

Definition (Hessian). Let f € C2(R"). The Hessian of f at z is the n x n matrix

0% f 0% f
V3 f(x) = : :
0%f 0% f

0x, 011 z) @(a:)

Definition (Jacobian). Let g : R™ — R™ be a differentiable map. The Jacobian matrix of g at z is

dg 0g1
87931(33) 87:,1(33)
Dg(x) = : . :
9Gm OGm
Txl(m) ... P (z

In particular, for f: R™ — R, the gradient is given by

V(@)= [Df(@)]".

Theorem (Chain Rule). Let f: R® — R" and g : R¥ — R" be C! functions, and define
h=fog:RF 5 R".

Then h € C*(R¥) and
Dh(z) = Df(g(x)) Dg(x).



Theorem (First-Order Taylor Approximation). Let f : R® — R be a C! function and fix z € R™. Then,
for all y € R™, we have

fy) = f(2) + V(@) (y - 2) + R(z,y — ),

where R
lim @YD)
vor |y —

The linear term
Ti(y) = f(x) + Vf(2)" (y — =)

is called the first-order Taylor approximation of f at z.

Theorem (Second-Order Taylor Approximation). Let f: R® — R be a C? function and fix € R™. Then,
for all y € R™, we have

f)=f@)+ V@) (y—2)+ iy —2)"Vf(@)(y — 2) + Ra(z,y — 2),
where

lim Rg(l‘,y - ‘T)
v=e ly — =2

=0.

The quadratic term
To(y) = f(a) + V(@) (y — @) + 3y —2) V> f(2)(y — x)

is called the second-order Taylor approximation of f at x.

Definition (Convex Set). A set 2 C R™ is called convez if for all z,y € Q and all a € [0, 1],

ar+ (1 —a)y € Q.

Definition (Convex Function). Let  C R™ be convex. A function f : Q@ — R is called convez if for all
z,y € Q and all a € [0, 1],

flaz+ (1 —a)y) < af(z)+ (1 -a)f(y).

Lemma. Let Q C R" be open and convex, and let f € C?().
e fis convex <= for all z € 2, the Hessian V2 f(z) is positive semidefinite (PSD).

e fis concave <= for all z € ), the Hessian V?f(z) is negative semidefinite (NSD).

Definition. Let Q@ CR™ and f: Q — R.

e A point z* € 2 is called a global minimum of f on  if
f@) < fly) VyeQ.
e A point z* € Q is called a local minimum of f on € if there exists € > 0 such that

f@®) < fly) YVyeQwith ly—a27| <e.



Definition (Feasible direction). Let  C R™ and consider a point z* € Q. A direction d € R™\ {0} is called
a feasible direction of z* (with respect to Q) if there exists & > 0 such that

' +adeQ Vae (0,al

Remark. If d is a feasible direction at z*, then for all g > 0, 8d is also a feasible direction.

Theorem (First Order Necessary Condition (FONC)). Let f € C1(Q), where Q C R" is open. If z* € Q is
a local minimum of f over 2, then for every feasible direction d at x*, it holds that

d"Vf(z*) > 0.

Proof. Let d be a feasible direction, and without loss of generality assume ||d|| = 1. By the first-order Taylor
expansion of f at x = z*, evaluated at y = 2* + ad for a > 0, we have

f@* +ad) = f(z*) + V(=) (ad) + R(z*, ad),
where

R(z*, ad)

lim R(z*, ad)
llad]|—-0  [lad|]

(07

=0 or equivalently lim =0.
a—0
Corollary (FONC for Interior Points). If Q is open or z* € int(€2), then

Vf(a*) = 0.

Theorem (SONC). Let f € C%(€), and let 2* € Q be a local minimum of f over 2. Then, for every feasible
direction d at z*, it holds that

d'Vf@*)=0 = d'V*f(z*)d>0.

Proof. Without loss of generality, let ||d|| = 1 and d be a feasible direction such that d"V f(2*) = 0.
By the second-order Taylor expansion,

fl@ +ad) = f(2*) + V(@) (ad) + §(ad) V2 f(z*)(ad) + Ro(z*, ad),
where lim M =0.
a—0 «
Since z* is a local minimum and f(z* +ad) > f(z*) for small a > 0, it follows that d" V2 f(z*)d > 0. O
Theorem (SOSC). Consider f € C?(2) and z* € 2 being an interior point. If it holds that
Vf(x*) =0 and V?f(z*) is positive definite (PD),

then we can conclude that z* is a strict local minimum of f over Q.



Proof. First, recall the following lemma;:
Let H= HT € R™" be positive definite. Then there exists A > 0 such that

y"Hy > Nyll>, VyeR",

where A is the smallest eigenvalue of H.

Now, applying the second-order Taylor expansion around x*:
fl@* +h) = f(@) + 5hTV2f(z*)h + Ra(z*, h),

where lim Rala”, h)
=0 ||h|?
Since V2 f(z*) is positive definite, we have

=0.

WTV2f(@*)h = A[h|)*
for some A > 0. Therefore, for sufficiently small h,
f(a* +h) = f(a") 2 AIR]? + Ra(a™, h) > 0.
Hence, z* is a strict local minimum.
Problem.

min f ()

where
QCR", f:Q—R

and f is a convex function.

Theorem. Let  C R™ be a convex set and f : £ — R be a convex function. Then:

1. Every local minimum of f is also a global minimum.

x* local min = z* global min.

2. If f is strictly convex, then there exists at most one global minimum.
f strictly convex = unique global minimum.
(e.g., consider f(x) = e”.)
3. If Q is open and f € C1(Q), then

x* € Qis a global minimum <= Vf(z*) = 0.

Remark. Practice problem: Prove part (3). It could be on the exam!

Problem.

e

where

QCR", f:Q5R

and f is a concave function.



Theorem. Let Q C R"™ be a convex set and f : 2 — R be a concave function. Then:
1. Every local maximum of f is also a global maximum.

x* local max = z* global max.

2. If f is strictly concave, then there exists at most one global maximum.
f strictly concave = unique global maximum.
(e.g., consider f(x) = e”.)
3. If Q is open and f € C1(Q2), then

x* € Q is a global maximum <= Vf(z*) =0.

Theorem (Weierstrass). Let  C R™ be non-empty and compact, and let f : Q — R be continuous. Then:
1. f attains at least one global minimizer over ().
2. The set of all global minimizers of f is compact.

(The same holds for global maximizers.)
Also known as the Extreme Value Theorem.

Lecture 6

Proposition. Let 2 C R™ be convex and let f : Q — R be strictly concave. Then f has at most one
global maximum over (.

Proof. Since f is strictly concave, for all o € (0,1) and all distinct z,y € Q,
flaz+ (1= a)y) > af(x)+ (1 —a)f(y)

Suppose, for contradiction, that x*,y* € Q are distinct global maximizers. Then f(z*) = f(y*) = maxq f.
By strict concavity,

flaz™ + (1= a)y") > af(a") + (1 - ) f(y") = f(z7),

contradicting maximality of z*. Hence, there can be at most one global maximizer. O

Proposition. Let f : R” — R and let Q C Q C R”. Claim (True or False): If z* € 2 is a local minimizer
of f over Q, then z* is also a local minimizer of f over Q.

Counterezample. Let f(z) = x, Q = [0,00), and @ = R. Then z* = 0 is a local minimum of f over €,
but not a local minimum over €.

Definition (Strictly Unimodal). Function f : [ag, bo] — R is strictly unimodal on its domain iff there exists
some xg € [ag, bp] such that for all 21, x9 € [ag, by] with either

To<T1 < Tog Tog>T1> T2
such that

f(zo) < f(21) < f(22)

Note: this does not imply convezity/concavity



Definition (Possibly Correct alternative - Strictly Unimodal). A function f : [ag, bg] — R is strictly unimodal
on its domain if there exists a point z¢ € (ag,bp) such that:

f(z1) < f(ze), forall ag <1 < 29 < 0,4
f(z1) > f(zg), forall zp < a1 < 29 < by.

That is, f is strictly increasing on [ag, o] and strictly decreasing on [zg, by].

Concept (Zero-order search methods). Goal:
e Start with [ag, bo] and in one iteration, shorten it
e Only use values of f, i.e., zero-order information
Idea:
e Start with [ag, b]
e Choose points ag,a; < by < by and evaluate f(aq), f(b1)

o If f(a1) > f(b1), the local minimum cannot lie in [ag,a;) and we can continue with search interval
a1, bo.

Likewise, if f(a1) < f(b1),the local minimum cannot lie in (b, by] and we can continue with search interval
[CLO, bl] .

There is something to prove to show that the local minimum cannot be in the excluded intervals

Lecture 7

Concept (Search once given interval). We want to find the min f : R — R over [ag, by]. Assumption is that
f is unimodal and we are given this search interval. We want to continue shortening the intervals

Concept (Minimal evaluations of f(-) and iterations - efforts reduce numerical complexity). We want to
have as few evaluations of f(-) as possible. In intervals, we will reuse test points.

We have some options:

1. split search interval in same proportions (p : (1 — p), make the length of the interval after one iteration
as small as possible

2. Reuse test points but allow for different splitting ratios in each iteration:

P1s---5 PN

and specify N iterations a priori

Theorem (Golden Section Search). We order ag < a1 < b1 < by. WLOG |by — ag| > 1. Split in proportion
given by p € (0, 3). So,

al—aozbo—blocp bl—&ozbo—alo(l—p

We obtain the golden ratio since we want



Hence,

Iteration of Golden section search [ag, bo]:

a1:a0+p(b0—ao) b1 :a0+(1—p)(b0—a0)

Example (Golden Section Search Two Iterations). Consider f(x) = 223 — 322 on [0,2]. This turns out to
be strictly unimodal on the interval. Now for iteration #1:

a; = ag + p(bo — a()) =0+ p(?) = 0.7639

by =ap + (1 — p)(bo — a0> =0+ 2(1 — p) = 1.2361
Now, we compare f(a;) = —0.8591 < —0.8065 = f(b1). So, we consider [ag, b1].

Remark (Tolerance & ITteration Count). Given a tolerance e, how many iterations will I need to perform?

We start with length by — ag. Then, our length continuously decreases by a factor of % =1—p. After N
iterations, the interval will be

(bo — ag) x (1 — p)N

So, we are solving

log(3-=5-)

bo—ao

(b()*aO) X (lfp)N <e lOg(l—p)

Theorem (Fibonacci Method - Reuse test points & Adapt interval length method). Reuse test points but
allow for different splitting ratios in each iteration:
Pls---y PN

and specify N iterations a priori
We aim for the shortest possible interval after N iterations.

WLOG, intervals of length 1. We need to choose
ap — ap—1 =bp_1 —bp=pr = by —ar=1-2p;
In the new iteration,

Pea1(l = pr) = akyr —ax  pegr(l = 2pk) = b — by
So then,

1 —2p;
L — p

1=2pk = pr+1(1 = pr) = pry1 =



After N iterations, (WLOG by — ap = 1), the length of the interval is
min pVE [](1 = o)
k

1-2pg

that satisfies pj, € [0, 3] and p = ok

If you solve this,

=1 - —
b1 FN+1’

We define the fibonnaci numbers such that

Fo=F=1 Frpp1=Fy+ Fr 1

Example (Fibonacci Method Iterations & Issue). Iteration # 1 on [ag, by]. We then set

a1:a0+p(b0—a0) blza()+(1—p)

But we have an issue:
Suppose N = 3. Then,

,01:1*% ,02:1*% pgzlfé

And, we can see that the last iteration is impossible. So, as an Ad Hoc solution, we move last two points
€ apart.

™
I
N |—=
\
om
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Concept (Zero Order methods for minimization of functions f : R — R). Assumptions:
1. f is strictly unimodal on R. Note: this is a very strong assumption.

Question: how do we find this interval? Le., how to enclose (bracket) our local min into an interval [a, b]?
Zero Order Bracketing

e Start with choosing ¢ < z1 < wa. If f(xo) > f(z1) > f(x2), then, keep selecting new test points
Xo, X1, T, ..., until f(zp—1) > f(zr) < f(xps1)

o if f(z0) < f(z1) < f(zz), then start indexing the other way.

Recommend: |xp41 — x| = 2|zr — 2k—1]

Concept (First Order methods for minimization of functions f : R — R). Suppose we again have a search
interval [a,b]. If T can find a < b with f/(a) < 0 and f’(b) > 0, then the local minimum lies in [a, b].

To find this interval, choose xg € R. Then, if f'(xz¢) < 0, choose g < x1 < z3 < ... until f'(z) > 0.
Reverse if f/(zg) > 0.



Example (Bisection Method - First Order minimization). Bisection Method - 1 iteration on [a,b]. Compute
I (‘ITH’) Then

o if f/(2f2) > 0, choose [a, 2F2].

o if f/(2f2) <0, choose [2£2, b].

Note: Tolerance after N iterations is |b2_Na|
Proposition (Newton’s Method). Main Idea:
e Start with x

e At each iteration k with x; approximate at f in the neighborhood of xj, by the best possible quadratic
approximation. (second order Taylor)

To(y) = flan) + [ (@r)(y — 2x) + 5.1 (xe)(y — 21)?

e Find the stationary point of 75 and use it as the next iterate xpy1.

_f()
f" (k)

Ty(x) = f'(ar) + [ (@) (y —2x) =0 = |y = Tppr = a4

e This method is very fast. While this will work very well for a convex function, but not a concave
function (just looking for stationary) so could find a maximizer. So, the method strongly depends on
where we start.

This is looking for a root of the first order derivative

Proposition (Newton’s Method for Root Finding). Given g : R — R. We want to find « such that g(x) = 0.
Let’s use a linear approximation.

e Start with zg € R

e In iter k with zy, approximate g by linear function around zy. Then,

Ti(y) = g9(xx) + ¢’ (z2) (y — =)

e Choose the root of T (-) as the next iterate xg41

g(wr)
9 (k)

Lecture 9
Proposition (Secant Method - Newton’s Method with approximation of second derivative). Recall

_ )
f"(xr)

We consider z;_1. We can then approximate our second derivative via

Tk41 = Tk

10



f'(@e) = f'(@p-1)

f// Tk ~
(i) T — Tp-1
Hence, the secant method produces
B f'(xr) B T — Tp—1 /
I 7y s 7oy Bl T oy ey ey LA
Te—Tk—1

We should initialize with xp,xz_;. When to stop?
e When |f/(z)| < e

|f(33k+1)—f(90k)|
o When S i faon <€

lzpsa—zi|
e When max{Ton]] <e€

Done with chapter on single variable - move to multiple variable case

Concept (Chapter 5 - Gradient Methods). Numerical methods for min f : R™ — R over open 2 € R". We
will assume f € C1(Q).

Iterative Methods: construct a sequence xg, 1, xa, ... with the aim of (x)en converging to a stationary point.
This is best possible hope or we need much stronger assumptions.

Descent Methods: f(zg+1) < f(xk)

Point-direction-step size scheme: ;1 = x) + ardi. We will focus on these as classical numerical
methods are based on this.

1. How to choose a direction?

2. How to choose a step size?

Definition (Descent Direction). Fix f € Cl,z € R". A (feasible) direction d € R"™ \ {0} is a descent
direction at = € R™ iff there exists some & > 0 such that Yo € (0, @), f(z + ad) < f(z).
Note: If d is descent direction, then 3 * d is descent direction for g > 0.

Lemma (Sufficient conditions for descent direction). Fix f € !,z € R™. A direction d € R™\ {0} satisfying
d"V f(x) < 0 is a descent direction at x.

Proof. WLOG, let d be normalized with d”V f(z) < 0. Then, T, first order Taylor expansion at x, which
we will evaluate at  + ad. Then
fx+ad) = f(x) +aVf(x)'d+ R(x,ad)

with limg,_,q w =0. For a > 0,

f(z +ad) - f(z)

«

For small enough o > 0, the RHS will be dominated by d”V f(x), the negative term, so the RHS is
strictly negative. Hence, the LHS is too, so

f(z+ad) - f(z)

R(z, ad)

=d'Vf(z)+

<0 = f(r+ad) < f(z)

11



Remark (The reverse lemma is not true). d descent direction at x does not imply d? Vf(x) < 0. Take a
local maximizer with gradient 0. Then, any d will decrease yet d*'V f(x) = 0.

Corollary. Let f € C',z € R" is not a stationary point of f. Then,
.« d=-Vf(a)

e d=—DVf(z) for D = DT a positive definite matrix

Lecture 10

Concept (Premise of day). Numerical methods for min f : R” — R over open Q € R". We will assume
feCHQ).

Tterative Methods: construct a sequence xg, 1, 2, - . . with the aim of (z1)ren converging to a stationary point.
This is best possible hope or we need much stronger assumptions. We will study the Point-direction-step
size scheme where =1 = x) + apdi. We will focus on these as classical numerical methods are based on
this.

We will focus on how to choose a step size. Assuming: the current iterate and (descent) direction
dj, are fixed. This now becomes

@k(a) = f(l’k + Oédk) d:R—-R

Taking derivatives produces

@), (a) = Df(xx + ady)Dg(e) = V f 2k + adi)" dy,

We can see that

©},(0) = Vf ()" di

Concept (Option 1 to choose step size - Line Search).

ranzlg O (o) = glzil&f(xk + ady)

In most cases, needs to be solved numerically, i.e., secant method, Newton’s method, etc. Each iteration
will then take relatively long. General observation, not the best of computational time.

Example. Let’s consider an example in an exam situation: f(z,y) = 2% + y?> — 2y. Given initial guess
(x0,y0) = (0,0) with dy, = =V f(zk,yx) and optimal step size.

Vﬂaw:(gjgié)=$cm=—Vﬂmm=<fg
So,
Oo(a) = f ((8) +a (_12>> = flay — 2a) = &® + 4a* + 2% — a — da = Ta? — 5a
Hence,

PH=120-5=0 = =2

12



Thus,

()= ()= (%)

In general, would also be good idea to check second order condition.
EXPECT TO DO THIS ON EXAM

Concept (Option 2 to choose step size - Predetermined step size). e e.g. fixed step size a = %
e trouble is, how do we choose?

e at very least, make sure satisfying descent condition, i.e., fr+1 < f(2x) - obviously does not guarentee
convergence of method

Example (Failure of option 2). 1. Too large step size
Consider f(x) = 22,29 = 2,do; = —1,dg; 11 = 1. Step size is ap = 2+ 3#.
We start with intial guess two. Then, we end up at 1 = —1.5, zo = 1.25, both converge to 1, —1, not

0. See lecture notes for derivation.

1 1
$2l:1+ﬁ $2l+1:—1—221T
2. Too small step size
Consider f(z) = 2%, 20 =2,dx = —1,a = 2,6% Sequence converges to 1, not zero. In lecture notes, it
derives
1 —k—2
Ik+1:2— 1—W :1+2
Concept (Option 3 - Low Accuracy Line Search). 1. Start solving min,>o @ () (e.g. via secant method)

but terminate once (some) condition verify you found step size that is neither too small nor too large
Armigo Conditions: Let ¢ € (0,1),j > 1. Then, to check aj not too large

@k(ak) < @k(O) + Eak(I);C(O)

and to check aj not too small

@k(jak) > @k(O) + Ejakq);c(())

This won’t be tested on exam, just that this exists.

Lecture 11

Concept (Today’s topics). Gradient Methods: terminology is not necessarily fixed
e direction d, = —V f(zx)
e step size ay, various

e Steepest descent method (optimal step size)

Tpt1 = xp — oV f(x) Qp = arg g1>113 flzp —aVf(x))

13



Lemma. Assuming V f(zy) # 0, we have that d, = —V f(xy) is a descent direction for f at 5. Recall:
We will focus on how to choose a step size. Assuming: the current iterate and (descent) direction
dj, are fixed. This now becomes

CIJk(a) = f(l'k + Oédk) d:R—-R
Taking derivatives produces

(D;i_(oz) = Df(xk + adi)Dg(a) = V f(xy + Otdk)Tdk

We can see that

®5.(0) = V f(ax) " di

Proposition (Locally steepest direction - Why V f is optimal).
1 (0) = V f ()" dy
tells us the slope of ® 4.

Fix a function f and a point z (should be your current iterate) that is not a stationary point. Among

all descent directions d at a point x that are normalized (i.e. ||d| = 1), the choice of d = =)} minimizes

V@)
the slope of the map
a— Py(a)=flzr+ad) at a=0

Note: this is only true locally.

Proof. By Cauchy Schwartz, we have that

d
‘Cmf(x+ad)

- [Vf(2)"d] = (V@) d)| < IVF@)] - dll

o=

For descent direction d? V f(z) < 0 and normalized d, we have that

d'Vf(x) = —|d"Vf(2)| > ~|VI(@)lllld] = =V ()|
For d = H_vajzitw)f\ , we obtain
o @I o
fla) = - LI oy

Since we obtained our lower bound, we are done.

Proposition (Optimal step size for quadratic f). Let f(z) = 22'Qz +b'z + ¢ with @ = Q'. In the
steepest descent method xpy1 = zr — ax V f(xy), the optimal step size oy that minimizes f(zp — aV f(xg))
is given by

o — Vf(zk) "V f(zr)
"V TQV () |

Proposition. Let {zg,z1,z2,...} be a sequence generated by the steepest descent method, and zy, is not a
stationary point. Then, f(zg41) < f(zk).

14



Proof. We know that di, = —V f(x) is a descent direction, i.e., there exists a @ > 0 such that for all
a € (0,a), f(xr + ady) < f(zr). We know that ay is optimal. Therefore,

f(@rg1) = flogp + arpdy) < far + Sdi) < f(ar)

Proposition. Let {zg,z1,z2,...} be a sequence generated by the steepest descent method, and zy, is not a
stationary point. Then,
(Ths1 — Tk, T2 — Thg1) =0

Proof. Recall xp41 = xp — apVf(x) ap = argmingsg f(xp — aVf(z)). So,

(Tht1 — T, T2 — Thg1) = 1 (V f(2), V f(2r41))

Since ay solve minimization on open set, it must satisfy FONC,

0= (I);C(Oék) =V f(xr + Oékdk)Tdk; = —Vf(l‘k+1)TVf(l‘k)

So the above term is zero, showing orthogonality. O

Concept (Summary of current situation). A very important question in optimization is the question of
convergent. If I use a given method to generate a sequence, do I have any guarantees that the sequence will
converge and how fast? For us, the intuitive answer is that the gradient based method under reasonably
weak methods do converge, but they converge slowly (zig zagging path, not straight)

Lecture 13
Concept (Newton’s Method, chapter 6). For f: R — R, recall
Cpat = T — f'(zx)
" f" (@)

Now, for R” — R, assume f € C?(R™). Idea: Locally (around current iterate x*), aproximate f by
quadratic. Find stationary points of quadratic approximation.

q(y) = f(ar) + V(@) (v —a) + 5y — 2)" V2 (0n) (y — z1)
Stationary point of ¢ : Vg(y) = 0. Then,

0=Vaq(y) = Vflz) + V2 f(xx)(y — )
So, V2f(zk)(y — 2x) = =V f(x1). Hence, assuming invertibility,

y=a — (V2f(xx) " Vlar)

This gives our iteration for the pure newton’s method.
Properties

e direction dj, = — (V2f(17k))71 V f(wr)
e step size o, =1

Possible Problems
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e Let’s assume dj, is a descent direction. But, the pure Newton’s method is using a step size of 1. ay
could be too large.

e d;, might not be a descent direction when V2 is not positive definite, similar to the case when we may
accidentally be choosing an ascent direction in the one-dimensional case.

e Evaluating the Hessian matrix can be very costly computationally. Furthermore, evaluating inverse of
V2 £, or more commonly, solving linear system for dj,.

We will discuss solutions to each of these issues

Proposition (Modified Newton Method). Let us assume the hessian matrix is positive definite. Hence, dj,
is a descent direction. To avoid this problem, don’t insist on a fixed step size. Do optimal step size of limited
line search.

Lemma (How to force symmetric matrix to be positive definite). Consider A = AT. Then, there exists a
> 0 such that A + pI is positive definite.

Proof. (Sketch) Symmetric A gives real values eigenvalues possibly with multiplicity A1, Ag, ..., A, which we
will assume are in increasing order, with eigenvectors vy, ...,v,. Then,

(A+ pl)v; = Av; + plv; = (A + p)v;

Proposition (Levenberg-Marquardt modification).

Tpp1 = g, — (V2 fag) + pd) 'V f(a)

For appropriately chosen p € R, di is a descent direction. We can also choose optimal step size. This
solves problems 1 and 2.

Proposition (Quasi Newton’s Method). We will try to approximate the second derivative.

Lecture 14

Concept (Classes of Methods we have focused on in the last two weeks). For the gradient methods, we can
look at steepest descent.

T = ok —axVf(z) = argmin f(zp — aVf(z))

In contrast, for the pure Newton’s Method, it is also an iterative method. We are not just using the
negative gradient but the negative gradient multiplied by inverse of hessian with constant step size of 1.

Y= — (sz(l“k))_l Vf(zk)

The steepest descent method is arguably best for one step. But, with Newton’s method, we are constantly
replacing an objective function with a quadratic approximation and looking for a stationary point of that
approximation. In terms of computationally expensiveness, the direction for steepest descent is cheap because
it only requires evaluating the gradient. It is slightly more expensive in step size aspect because we require
solving a single variable minimization problem in choosing the step size. We have to fully perform a line
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search in each iteration. In contrast, for the Newton’s method, the step size is very cheap, it is fixed. But,
to compute the direction, we need to evaluate the hessian and then solve a linear system (inverse of matrix).

In terms of guarantees of convergence, weaker assumptions needed to converge. It converges linearly,
much more slowly. For the Newton Method, we need stronger convergence. It converges much faster,
quadratic even.

Concept (Conjugate Gradient Methods). The Advantages
e Only evaluates Vf(-)
e Quadratic f: Converges in IV iterations

Assume we are given some @ = QT € RV*N_ We can then define

Definition (Q conjugate). Assume we are given some Q = QT € RV*N . Directions dy,dy,...,d; € RN are
Q@ conjugate iff d;erdi =0 for i # j. If Q@ = I, reduces to orthogonality. You can define a more general @
inner product in this way. It will only be a true inner product if @ is positive definite.

Lemma. Let Q = Q7 be positive (negative) definite. If dy,ds,...,dy € RY are non-zero and @ conjugate,
they will be linearly independent.

Example (Conjugate gradient for toy case). Suppose f(z) = %xTQx — bTz. Assumptions:
e Q = Q7 is positive definite (so convex)
e We are given N (Q—conjugate directions dy,dy,...,dy_1 € RN
Toy algorithm
Vf(xk)Tdk
(d*)TQdF
You can prove that if you do this you will get an algorithm that will do rather well if you start with
arbitrary directions, will converge in N iterations. You can also show that you will be obtaining gradients
that will be orthogonal to all the previous directions. We are interested in this second observation because

we would like to translate this toy algorithm to a more practical algorithm.
A variant is generating conjugate directions throughout the algorithm

L ok g kg of =

do = =V f(z0) dy = =V f(xr) + Br—1dr—1

Proposition (Conjugate Gradient Algorithms for General Function f).
do=—=Vf(zo)  di=-Vf(zk)+ Br-1dr-—
If someone gives you a [,
Tpt1 = T + apdy Qp = arg glei]%f(xk + audy,)
There are a number of formulas, one is called the Fletcher-Reeves Formula

_ V[ (xr) "V f (1)
Vf(@r-1)TV f(xr-1)

Br-1
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2 Lecture 15

Concept (Modern Methods - Quasi Newton Methods). We remember that Newton’s Method had 3 issues

y=ap— (V2f(zx)) " V(xp)

e Let’s assume dj, is a descent direction. But, the pure Newton’s method is using a step size of 1. ay
could be too large.

e d;, might not be a descent direction when V2§ is not positive definite, similar to the case when we may
accidentally be choosing an ascent direction in the one-dimensional case.

e Evaluating the Hessian matrix can be very costly computationally. Furthermore, evaluating inverse of
V2 f, or more commonly, solving linear system for dj,.

We discussed solutions to the first two problems. For the final, we can consider Quasi Newton’s Methods.
We want to approximate (V2 f(+))~! by some matrix.

e Do it iteratively
e make the approx matrix sym and PSD by construction
e start with H =T

e For k=0,1,2,...
H"' = H* + AH*

with AH* built from V f(2*). We then have z*+! = 2% —o* H* .V f(2*), and we know this is a descent
direction.

The most simple formula for the updating matrix is the rank one formula, where we abbreviate Vz* =
akdk = k1 — 2% and V¥ = Vf(xFH) — Vf(2F)
(Az* — HEAGF)(Azk — HFAGF)T
(Agk)T(Azh — H*AgF)

VHk+1 _

Concept (Stochastic Gradient Methods). Idea for a neural network. You have your data {x;};c;n). For
each data point, z; — some loss function @;(6). We are usually trying to solve the problem of minimizing
our average loss, i.e.,

| XN
min ; Qi(0)
If we tried to use standard gradient methods, we would need
1N
Vi) = ; VQi(6)
for every single loss function, for every single point.

The main idea of stochastic gradient methods is to approximate Vf(6) through a few points in the
sample.
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Midterm

3 Lecture 16

Concept (Intro to constrained optimization). We want to solve for X C R™, which we call our problem (P)

min f(z) hi(zx)=0 Vi=1,...m and gi(z)<0 Vi=1,...r

reX
We write h: X - R™ and g: X — R"
hi(x) 91(x)
Wy =| o =0 g@=| : |<o
han () gm ()

We still need to consider our feasible set:

Q={ze X |h(z) =0 g(zx) <0}

Definition (Optimal Value).
fx:= inf f(x)

reX
Definition (Optimal Solution). Global Minimizer of f over ().

4 Lecture 17

Concept (Lagrange Multipliers and variables). Useful for many applications. Main idea is that it allows us
to transform a constrained optimization problem to an unconstrained one. We introduce m variables \; for
equality constraints, and p; for the inequality constraints. Then,

m

L:XxR"xR" =R L(a:,)\,u):f(x)JrZ)\ihi(x)JrZ)\igi(I)
i=1

i=1

We can also write

L(z, A p) = f(x) + ATh(z) + p" g(x)

Definition (Lagrange Multipliers). We normally refer to Lagrange multipliers as specific values of Lagrange
variables. The point of Ax € R™ and px € R" are called Lagrange Multipliers for (P) iff

> =i
px >0 and fx zlg}f( Lz, Ax, px)

The rough idea of why this is useful is that once you find the Lagrange multipliers, you can just optimize
the unconstrained L(x, Ax, ux).
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Remark. The form of the constraint function matters and the lagrange multiplier doesn’t have to exist.

Lemma. Let xx € Q be an optimal solution of (P) and (A, ux) be a Lagrange multiplier for (P). Then,

flzx) = Lz, A, px)  and  pj*-gj(xx) =0 j=1,...,r
Proof.
F@)+ ) Ahi(@™) + ) Aigi (") < f(a)
i=1 i=1

by (A*, ux) Lagrange Mult.
J@®) = J* = inf L(e, A p") < L, A" p00)
So,

0=> wjgi(e) = wjgi(") =0

Theorem (Saddle Point Theorem). Point z* € € is an optimal solution of (P) and (\*, u*) is a Lagrange
multiplier for (P) if and only if for all z € X and for all (X, ) € R™ x R,

L™, A\, p) < L2, A", ") < Lz, A", p").

Lecture 18

Concept (Equality Constrained Problems). We are considering mingeg f(x) such that h(z) = 0, which we
call problem (P).

Definition. A feasible point T € § is regular for (P) iff {Vhy(Z),..., hm(Z)} are linearly independent.
Proposition (First Order Necessary Condition (FONC)). Assume f, hq, ..., hy, € Ct. If 2* € Q is a regular

local minimizer of (P), then there exists a unique vector \* = (\},..., A% )T € R™ such that

Vi@ + Y A Vhi(z®) =0 thus VL(z*,X") =0

It is important to be careful to consider possible irregular feasible points in addition to the general case.

Lecture 19

Definition. An inequality constraint g;(z) < 0 is said to be active at «* if
gj(z*) =0.
Let z* € Q. The set of active constraints at x* is

J(x%) ={j:g;(z") =0}
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A feasible point z* € € is called regular if the gradients
Vhi(z*), Vg,(z") i=1,...,m, je€J(x)

are linearly independent.

Lecture 20

Remark. The conditions p* > 0 and (*) " g(z*) = 0 are known as the complementary slackness conditions.

Lecture 21

Concept. Recall

Hel]iRI}L f(x) such that h(z) =0,9(z) <0 (P)

Observation: If z* € Q is a (regular) local min. of (P), then z* is a (regular) loc. min. of

Helﬁ{n f(z) suchthat h(z)=0,g;(x)=0 jeJ(z") (P)

Theorem (FONC for (P) - Karush-Kuhn-Tucker Conditions). If z* is a regular local min of (P), then there
exists \*, u* such that

VoL(z*, X, %) = V(@) + > A Vhi(@*) + > piVg;(z*) =0

with p% > 0 and pjg;(2*) =0 j=1,...,r

Theorem (Second Order Necessary Condition (SONC) for P) Assume that f,h1,...,hm,01,...,9- € C?.
Suppose z* € ) is a regular local minimum of problem (P):

min f(x) st. h(z) =0, gj(z) =0 Vj e J(z¥).

Then there exist unique multipliers A* € R™ and p; € R for all j € J (z*) such that the first-order
condition holds:

V(") + Z AN Vh (%) + Z 1;Vgi(x*) = 0. (FONC-P)
i=1

Jj€J(z*)

Define the subspace of first—order feasible variations:
V(z*)={yeR": y ' Vhi(z*)=0Vi=1,...,m, y Vg;(z*)=0Vj¢€ J(z*)}.

Then for all y € V(z*) it holds that

y | V@) + Y NV Y Vi) |y 2 0. (SONC-P)
i=1 JEJI(x*)
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Remark. The space V(z*) is the subspace of first-order feasible directions for (P), i.e., the directions in

which all equality constraints (the h; and the active g;) remain satisfied to first order.

Theorem (Second-Order Necessary Conditions (SONC)). Let f,h,g € C? and let a regular point z* €

be a local minimizer of (P). Then there exist multipliers A* € R™ and p* € R” such that
pe>0, (w9 g@®) =0,

and the first—order condition holds:

m T

+ZA*Vh +Zujv9j(x*) =0.

Define
Viz*) = {y e R": yTVhZ-(m*) =0(=1,...,m), yTng(x*) =0(j€ J(x*))}
Then for all y € V(z*) it holds that

y" sz(m*)—i-Z)\fVth(:c*)—i- Z ,uszgj(x*) y > 0.

Theorem (Sufficient Condition). Let f,h,g € C?. Suppose there exist z* € Q, multipliers \* € R™ an

w* € R” such that

and
Z/\*Vh +Zu]v9] *) = 0.
j=1
Define
V(a' u') = {y € R" 1y Vhi(a®) = 0 (i = 1,...,m), 4 Vg;(a*) =0 (j € J@*",u")},
where

J(@*,p) ={j:g;(z") =0, uj >0}
If for all y € V(z*, u*) \ {0} it holds that

y' | V@) + ) A VRhi(a +Zﬂ*v2 y >0,
then z* is a strict local minimizer of (P).

Theorem (Kuhn-Tucker Theorem). Consider the problem

nel]% f(x) such that g¢(z) <0 (CP)

where f, g; are C' and convex. If there exists z* € Q and pu* € R” such that

VoL(z* w7 =0 and >0, (5")Tg(z") = 0
then z* is an optimal solution (global min) of (CP).
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